42/ SOLUTIONS

4210. Proposed by Van Khea and Leonard Giugiuc.

Let ABC be a triangle in which the circumcenter lies on the incircle. Furthermore,
a+b+c

v abe

let BC = a,C'A =band AB = c. For which triangles does the expression
attain its minimum?

We received 6 submissions, of which 5 were correct and one was incomplete. We
present the solution by Arkady Alt.

Let I, O, r, R, and S denote the incenter, circumcenter, inradius, circumradius,
and semiperimeter of AABC, respectively. It is known (Euler’s Theorem) that
OI* = R? — 2Rr. By assumption, O lies on the incircle of AABC, so OI = r.
Hence, R? — 2Rr = r? if and only if

(?)2—2@)—1:0 = §=2i2\/§=1j:\/§ = R=(V2+1)r,

since R # (1 — /2)r. It is known (Emmerich’s Inequality, pg. 251 in Recent
Advances in Geometric Inequalities by D. S. Mitrinovié, J. Pecari¢, V. Volenec)

that for any non-acute triangle T, we have R > (\/§ + 1) r with equality if and
only if T is a right isosceles triangle. Hence we may now assume that AABC is
non-obtuse. Then cos A cos BcosC > 0. Since

S?2 — (2R +1)?
4R? ’

we have S > 2R + r which by R = (v/2 + 1)r implies

cos Acos BcosC =

S>2(V2+1)r+r=(2V2+3)r or 522\/5+3.
Therefore,
(atb+e)®  88% 28 28  2(2v2+3)°
abe ARrS T Rr T (V2+1)r2 T V241

=2(17 +12v2)(vV2 — 1) = 14 + 10V2.

Since equality holds in % > 2v/2 + 3 if and only if cos Acos BcosC = 0, we
conclude that the lower bound 14 + 10v/2 can be attained only for a right angled
triangle. Without loss of generality, we may assume that C = 90°.

Since 2R = a + b — 2r, we have
a+b=2[R+r)=2((V2+1)r+7r)=2V2(vV2+ 1) (1)

Also,
ab =287 = 2(2v/2 + 3)r? = 2(V2 + 1)%2, (2)

From (1) and (2) we obtain (a — b)? = (a + b)? — 4ab = 0. Hence,
a=b=V2(V2+1)r and c¢=+/a2+b>=V2a=2(vV2+1)r
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Finally, since

(V24 V32)° = 24 3(2%/%)(2°/%) + 3(2"/%)(2°/%) + 4(2'/?)
=2+ 3(2%) 4 3(2%/2) + 4(2/?) = 14 + 10V2,

we have

mm“‘t_f_;@ — Y144+ 10v2 = V3 + V32,
aoc

attained if and only if AABC is a right angled isosceles triangle.
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An for your final wish...?
T wish feo?{e understood
that (a + b}’ isn't ol b

But... la + b
is stillla +[b, right?

I'm SorTy...

T fried, but... No worries. THs .,du,uj
kink of valilating for me
that you couldn't manage,
s Cither. Z
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